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Abstract|The paper introduces q-parametric
Bleimann, Butzer and Hahn (q-BBH) operators as a
rational transformation of q-Bernstein-Lupa» s opera-
tors. On their basis, a set of new results on q-BBH op-
erators can be obtained easily from the corresponding
properties of q-Bernstein-Lupa» s operators. Further-
more, convergence properties of q-BBH operators are
studied.
Keywords: Bernstein polynomials, BBH operators,
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1 Introduction
The linear operator Un de¯ned by
Un (f;x) :=
1
(1 + x)
n
n X
k=0
f
µ
k
n ¡ k + 1
¶µ
n
k
¶
xk;
where f 2 R[0;1) was introduced by Bleimann, Butzer,
and Hahn [5] to approximate continuous functions. In [5],
[1] the authors pointed out some formal similarities and
di®erences between Un and the classical Bernstein oper-
ator Bn. Connection suggested in [1] can be formulated
by means of the following identity
Un = ©¡1 ± Bn+1 ± ©;
©¡1 and © are suitable positive linear operators which
will be de¯ned below. This idea was used in [8] to de-
¯ne new q-analogue of the Bleimann, Butzer, and Hahn
operators as follows:
Un;q (f;x) :=
¡
©¡1 ± Bn+1;q ± ©
¢
(f;x);
where Bn+1;q is a Philips q-analogue of the Bernstein
operators.
Using the classical connection between Bernstein and
BBH operators we propose the following q-analogue of the
Bleimann, Butzer and Hahn operators in C0
1+x [0;1) :
Un;q (f;x) :=
¡
©¡1 ± Rn+1;q ± ©
¢
(f;x); (1)
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where Rn;q is the Lupa» s q-Bernstein operator on C [0;1]
de¯ned by
Rn;q(f;x) =
n X
k=0
f
µ
[k]
[n]
¶·
n
k
¸
£
q
k(k¡1)
2 xk(1 ¡ x)n¡k
(1 ¡ x + qx):::(1 ¡ x + qn¡1x)
:
Thanks to (1), di®erent properties of Rn+1;q can be trans-
ferred to Un;q with some extra e®ort. Thus, the limiting
behaviour of Un;q can be immediately derived from (1)
and the well known properties of Rn+1;q.
2 Construction and some properties of
the operators
Let q > 0: For any n 2 N [ f0g, the q-integer [n] = [n]q
is de¯ned by
[n] := 1 + q + ::: + qn¡1;
[0] := 0;
and the q-factorial [n]! = [n]q! by
[n]! := [1][2]:::[n];
[0]! := 1:
For integers 0 · k · n, the q-binomial is de¯ned by
·
n
k
¸
:=
[n]!
[k]![n ¡ k]!
:
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(1 ¡ x)
n
q :=
n¡1 Y
j=0
¡
1 ¡ qjx
¢
;
(1 ¡ x)
1
q :=
1 Y
j=0
¡
1 ¡ qjx
¢
;
bn;k (q;x) :=
·
n
k
¸
£
q
k(k¡1)
2 xk(1 ¡ x)n¡k
(1 ¡ x + qx):::(1 ¡ x + qn¡1x)
;
un;k(q;x) :=
·
n
k
¸
qk(k+1)=2xk
(1 + qx)
n
q
;
b1;k(q;x) :=
q
k(k¡1)
2 (x=1 ¡ x)
k
(1 ¡ q)
k [k]!
1 Y
j=0
(1 + qj (x=1 ¡ x))
;
u1;k(q;x) :=
qk(k+1)=2xk
(1 + qx)
1
q (1 ¡ q)
k [k]!
;
C [0;1]
= ff 2 C [0;1) j f (x) has a ¯nite limit at 1g;
C0
1+x [0;1)
= ff 2 C [0;1) j f (x) = o(1 + x);x ! 1g:
It is assumed that C0
1+x [0;1) is endowed with the norm
kfk1+x = sup
x¸0
jf (x)j
1 + x
:
We consider the operators © : R[0;1) ! R[0;1],
©(f;t) :=
8
> <
> :
(1 ¡ t)f
³
t
1¡t
´
; t 2 [0;1);
0; t = 1;
and ©¡1 : R[0;1) ! R[0;1),
©¡1 (g;x) := (1 + x)g
µ
x
1 + x
¶
; x 2 [0;1):
Theorem 1 [10] We have the following relations:
1. ©¡1 ± © is the identity operator on R[0;1).
2. f 2 C0
1+x [0;1) if and only if ©f 2 C [0;1].
3. If f 2 C0
1+x[0;1), then f is convex if and only if f
is convex and nonincreasing.
We introduce Bleimann, Butzer and Hahn type operators
based on q-integers as follows.
De¯nition 2 For f 2 R[0;1) the q-Bleimann, Butzer
and Hahn operators are given by
Un;q (f;x) :=
¡
©¡1 ± Rn+1;q ± ©
¢
(f;x)
=
n X
k=0
f
µ
[k]
qk [n ¡ k + 1]
¶
un;k(q;x)
=
1
(1 + qx)
n
q
n X
k=0
f
µ
[k]
qk [n ¡ k + 1]
¶
£
·
n
k
¸
qk(k+1)=2xk; n 2 N:
De¯nition 3 Let 0 < q < 1. The linear operator de¯ned
on R[0;1) given by
U1;q (f;x)
:=
1 X
k=0
f
µ
1 ¡ qk
qk
¶
u1;k(q;x)
=
1
(1 + qx)
1
q
1 X
k=0
f
µ
1 ¡ qk
qk
¶
qk(k+1)=2
(1 ¡ q)
k [k]!
xk
is called the limit q-BBH operator.
Lemma 4 Un;q;U1;q : C0
1+x [0;1) ! C0
1+x [0;1) are
linear positive operators and
kUn;q (f)k1+x · kfk1+x ;
kU1;q (f)k1+x · kfk1+x :
Lemma 5 We have
Un;q (1;x) = 1;
Un;q (t;x) = x ¡
qn(n+1)=2xn+1
(1 + qx)
n
q
:
Theorem 6 If f 2 C0
1+x [0;1) is a convex function,
then the sequence fUn;q (f;x)g is nonincreasing in n for
each q 2 (0;1] and x 2 [0;1).
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Un;q (f;x) ¡ Un+1;q (f;x)
=
1
(1 + qx)
n+1
q
n X
k=0
f
µ
[k]
qk [n ¡ k + 1]
¶
£
·
n
k
¸
qk(k+1)=2xk ¡
1 + qn+1x
¢
¡
1
(1 + qx)
n+1
q
n+1 X
k=0
f
µ
[k]
qk [n ¡ k + 2]
¶
£
·
n + 1
k
¸
qk(k+1)=2xk
= ¡
1
(1 + qx)
n+1
q
q(n+1)(n+2)=2xn+1
£
µ
f
µ
[n + 1]
qn+1
¶
¡ f
µ
[n]
qn
¶¶
+
1
(1 + qx)
n+1
q
n¡1 X
k=0
f
µ
[k]
qk [n ¡ k + 1]
¶
£
·
n
k
¸
q(k+1)(k+2)=2qn¡kxk+1
+
1
(1 + qx)
n+1
q
n¡1 X
k=0
f
µ
[k + 1]
qk+1 [n ¡ k]
¶
£
·
n
k + 1
¸
q(k+1)(k+2)=2xk+1
¡
1
(1 + qx)
n+1
q
n¡1 X
k=0
f
µ
[k + 1]
qk+1 [n ¡ k + 1]
¶
£
·
n + 1
k + 1
¸
q(k+1)(k+2)=2xk+1:
Consequently,
Un;q (f;x) ¡ Un+1;q (f;x)
= ¡
1
(1 + qx)
n+1
q
£q(n+1)(n+2)=2xn+1
µ
f
µ
[n + 1]
qn+1
¶
¡ f
µ
[n]
qn
¶¶
+
1
(1 + qx)
n+1
q
n¡1 X
k=0
ak
·
n + 1
k + 1
¸
q(k+1)(k+2)=2xk+1; (2)
where
ak =
qn¡k [k + 1]
[n + 1]
f
µ
[k]
qk [n ¡ k + 1]
¶
(3)
+
[n ¡ k]
[n + 1]
f
µ
[k + 1]
qk+1 [n ¡ k]
¶
¡f
µ
[k + 1]
qk+1 [n ¡ k + 1]
¶
:
Now from Theorem 1 since f is nonincreasing the ¯rst
term is nonnegative. Thus to show monotonicity of Un;q
it su±ces to show nonnegativity of ak, 0 · k · n. Let us
write
® =
qn¡k [k + 1]
[n + 1]
;1 ¡ ® =
[n ¡ k]
[n + 1]
;
x1 =
[k]
qk [n ¡ k + 1]
;x2 =
[k + 1]
qk+1 [n ¡ k]
:
Then it follows that
®x1 + (1 ¡ ®)x2
=
qn¡k [k + 1]
[n + 1]
[k]
qk [n ¡ k + 1]
+
[n ¡ k]
[n + 1]
[k + 1]
qk+1 [n ¡ k]
=
[k + 1]
qk+1 [n + 1]
qn¡k+1 [k] + [n ¡ k + 1]
[n ¡ k + 1]
=
[k + 1]
qk+1 [n + 1]
[n + 1]
[n ¡ k + 1]
=
[k + 1]
qk+1 [n ¡ k + 1]
:
We see immediately that
ak = ®f (x1) + (1 ¡ ®)f (x2)
¡f (®x1 + (1 ¡ ®)x2) ¸ 0
which proves the theorem.
3 Convergence properties of Un;q
For f 2 C[0;1]; t > 0, the modulus of continuity is de¯ned
by
!(f;t) = sup
jx¡yj·t
jf(x) ¡ f(y)j:
Theorem 7 Let q = qn satis¯es 0 < qn < 1 and let
qn ! 1 as n ! 1. For any x 2 [0;1) and for any
f 2 C0
1+x [0;1) the following inequality holds
1
1 + x
jUn;q (f;x) ¡ f (x)j
· 2!
³
©f;
p
¸n (x)
´
;
where ¸n (x) =
x
(1 + x)
2
1
[n + 1]qn
:
Proof. Positivity of Rn+1;qn implies that for any g 2
C [0;1];
jRn+1;qn (g;x) ¡ g (x)j (4)
· Rn+1;qn (jg (t) ¡ g (x)j;x):
On the other hand
j(©f)(t) ¡ (©f)(x)j
· ! (©f;jt ¡ xj)
· ! (©f;±)
µ
1 +
1
±
jt ¡ xj
¶
; ± > 0:
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jRn+1;qn (©f;x) ¡ (©f)(x)j
· ! (©f;±)
µ
1 +
1
±
Rn+1;qn (jt ¡ xj;x)
¶
and
jUn;q (f;x) ¡ f (x)j
= (1 + x)
¯
¯ ¯
¯Rn+1;qn
µ
©f;
x
1 + x
¶
¡ (©f)
µ
x
1 + x
¶¯
¯ ¯
¯
· (1 + x)! (©f;±)
£
µ
1 +
1
±
Rn+1;qn
µ¯
¯
¯ ¯t ¡
x
1 + x
¯
¯
¯ ¯;
x
1 + x
¶¶
· (1 + x)! (©f;±)
µ
1 +
1
±
£
Ã
Rn+1;qn
Ã¯ ¯
¯ ¯t ¡
x
1 + x
¯ ¯
¯ ¯
2
;
x
1 + x
!!1=21
A
= (1 + x)! (©f;±)
Ã
1 +
1
±
Ã
x
1 + x
1
[n + 1]qn
+
x
1 + x
qnx
1 + qnx
Ã
1 ¡
1
[n + 1]qn
!
¡
µ
x
1 + x
¶2!1=21
A
· (1 + x)! (©f;±)
Ã
1 +
1
±
Ã
x
1 + x
1
[n + 1]qn
¡
µ
x
1 + x
¶2 1
[n + 1]qn
!1=21
A
= (1 + x)! (©f;±)
0
@1 +
1
±
Ã
x
(1 + x)
2
1
[n + 1]qn
!1=21
A;
where we have used the explicit formula for
Rn+1;qn
µ¯ ¯
¯t ¡ x
1+x
¯ ¯
¯
2
; x
1+x
¶
, which can be found in
[9]. Now by choosing ± =
p
¸n (x), we obtain desired
result.
Corollary 8 Let q = qn satis¯es 0 < qn < 1 and let
qn ! 1 as n ! 1. For any f 2 C0
1+x [0;1) it holds that
lim
n!1
kUn;q (f;x) ¡ f (x)k1+x = 0:
It is proved in [9] that, bn;k(q;x) ! b1;k(q;x) uniformly
in x 2 [0;1) as n ! 1. In the next lemma we give an
estimate for
¯ ¯
¯bn;k(q; x
1+x) ¡ b1;k(q; x
1+x)
¯ ¯
¯ for x 2 [0;1).
Lemma 9 Let 0 < q < 1, k ¸ 0; n ¸ 1:For any x 2
[0;1) we have
¯
¯ ¯
¯bn;k(q;
x
1 + x
) ¡ b1;k(q;
x
1 + x
)
¯
¯ ¯
¯
· bn;k(q;
x
1 + x
)
xqn
1 ¡ q
+ b1;k(q;
x
1 + x
)
qn¡k+1
1 ¡ q
:
Using Lemma 9 we prove the following quantitative result
for the rate of local convergence of Un;q (f;x) in terms of
the ¯rst modulus of continuity.
Theorem 10 Let 0 < q < 1 and f 2 C0
1+x [0;1). Then
for all 0 · x < 1 we have
jUn;q (f;x) ¡ U1;q (f;x)j
· 2(1 + x)
µ
1 + x
1 ¡ q
+ 1
¶
!
¡
©f;qn+1¢
:
Proof. Consider
¢(x) := Un;q(f;x) ¡ U1;q(f;x)
=
¡
©¡1 ± Rn+1;q ± ©
¢
(f;x)
¡
¡
©¡1 ± R1;q ± ©
¢
(f;x)
=
¡
©¡1 ± (Rn+1;q ¡ R1;q) ± ©
¢
(f;x)
=
¡
©¡1 ± (Rn+1;q ¡ R1;q)
¢
(©f;x):
Since Un;q(f;x) and U1;q(f;x) possess the end point in-
terpolation property, ¢(0) = 0. For all x 2 (0;1) we
rewrite ¢ in the following form
¢(x)
= ©¡1 ±
n+1 X
k=0
·
(©f)
µ
[k]
[n + 1]
¶
¡ (©f)
¡
1 ¡ qk¢
¸
£ bn+1;k(q;x)
+ ©¡1 ±
n+1 X
k=0
£
(©f)
¡
1 ¡ qk¢
¡ (©f)(1)
¤
£ (bn+1;k(q;x) ¡ b1;k(q;x))
¡ ©¡1 ±
1 X
k=n+2
£
(©f)
¡
1 ¡ qk¢
¡ (©f)(1)
¤
£ b1;k(q;x) =: I1 + I2 + I3:
We start with estimation of I1 and I3. Since
[k]
[n + 1]
¡
¡
1 ¡ qk¢
=
1 ¡ qk
1 ¡ qn+1 ¡
¡
1 ¡ qk¢
= qn+1 1 ¡ qk
1 ¡ qn+1 · qn+1;
0 · 1 ¡
¡
1 ¡ qk¢
= qk · qn+1; k > n + 1;
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jI1j (5)
· (1 + x)!
¡
©f;qn+1¢
n+1 X
k=0
bn+1;k(q;
x
1 + x
)
= (1 + x)!
¡
©f;qn+1¢
;
jI3j (6)
· (1 + x)!
¡
©f;qn+1¢
1 X
k=n+2
b1;k(q;
x
1 + x
)
· (1 + x)!
¡
©f;qn+1¢
:
Finally we estimate I2. Using the property,
! (f;¸t) · (1 + ¸)! (f;t); ¸ > 0;
and Lemma 9 we get
jI2j · (1 + x)
n+1 X
k=0
!
¡
©f;qk¢
£
¯ ¯
¯
¯bn+1;k(q;
x
1 + x
) ¡ b1;k(q;
x
1 + x
)
¯ ¯
¯
¯
· (1 + x)!
¡
©f;qn+1¢
n+1 X
k=0
¡
1 + qk¡n¡1¢
£
¯ ¯
¯ ¯bn+1;k(q;
x
1 + x
) ¡ b1;k(q;
x
1 + x
)
¯ ¯
¯ ¯
· 2(1 + x)!
¡
©f;qn+1¢ 1
qn+1
£
n+1 X
k=0
qk
¯
¯ ¯
¯bn+1;k(q;
x
1 + x
) ¡ b1;k(q;
x
1 + x
)
¯
¯ ¯
¯
· 2(1 + x)
2 1
1 ¡ q
!
¡
©f;qn+1¢
: (7)
From (5), (6), and (7), we conclude the desired estima-
tion.
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